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Due to the tremendous red-shift that occurs during the inflationary epoch in the early universe, 
it has been realized that trans-Planckian physics may manifest itself at energies much lower than 
the Planck energy. The presence of a fundamental scale suggests that local Lorentz invariance may 
be violated at sufficiently high energies. Motivated by this possibility, recently, different models 
that violate Lorentz invariance locally have been used to evaluate the trans-Planckian corrections 
to the inflationary density perturbation spectrum. However, certain astrophysical observations 
seem to indicate that local Lorentz invariance may be preserved to extremely high energies. In 
such a situation, to study the trans-Planckian effects, it becomes imperative to consider models 
that preserve local Lorentz invariance even as they contain a fundamental scale. In this work, 
we construct one such model and evaluate the resulting spectrum of density perturbations in the 
power-law inflationary scenario. While our model reproduces the standard spectrum on small scales, 
it naturally predicts a suppression of power on large scales. In fact, the spectrum we obtain has 
some features which are similar to the one that has recently been obtained from non-commutative 
inflation. However, we find that the amount of suppression predicted by our model is far less than 
that is required to fit the observations. We comment on the fact that, with a suitable choice of 
initial conditions, our approach can lead to corrections at the infra-red as well as at the ultra-violet 
ends of the spectrum. 
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I. INTRODUCTION AND MOTIVATION 

Inflation, a period of accelerated expansion in the 
high-energy phase of the universe, is currently consid- 
ered to be the best paradigm for describing the early 
stages of the universe [1, 2]. The success of the infla- 
tionary paradigm rests on its ability to explain not only 
the homogeneity of the background, but also the char- 
acteristics of the inhomogeneities superimposed upon 
it. The inflationary epoch magnifies the tiny fluctua- 
tions in the quantum fields present at the beginning of 
the epoch into classical perturbations that leave an im- 
print as anisotropies in the cosmic microwave background 
(CMB). These anisotropies in turn act as seeds for the 
formation of the large-scale structure that we observe 
at the present time as galaxies and clusters of galax- 
ies. With anisotropies in the CMB being measured with 
higher and higher precision, we are currently able to test 
the predictions of inflation better and better. 

During the last couple of years or so, considerable 
amount of attention has been devoted to examining the 
possibility that Planck scale physics may leave a measur- 
able imprint on the CMB [3]-[14]. There are three rea- 
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sons that have led to such an enormous interest in the lit- 
erature. Firstly, there is no unique model of inflation [2]. 
In many versions of inflation, most notably in chaotic in- 
flation, the period of inflation lasts sufficiently long so 
that the comoving length scales that are of cosmological 
interest today would have emerged from sub-Planckian 
length scales at the beginning of inflation. Hence, in 
principle, quantum gravitational effects should have left 
their signatures on the primordial spectrum of perturba- 
tions. Secondly, in the simplest models of inflation, the 
scale of the vacuum energy during the period of expo- 
nential expansion is assumed to be ~ 10 16 GeV, while 
the rate of the exponential expansion, viz. H , is consid- 
ered to be ~ 10 14 GeV. These enormous energies suggest 
that during the inflationary epoch, various (as yet, un- 
known?) high-energy processes could have been activated 
which would have left their signatures on the primordial 
perturbation spectrum. These signatures on the pertur- 
bation spectrum in turn will leave their imprints on the 
CMB. Recent measurements of the CMB anisotropies by, 
say, WMAP [15], strongly indicate a primordial spectrum 
that is nearly scale-invariant, just as the inflationary sce- 
nario predicts. Therefore, further precise and accurate 
measurements of the CMB anisotropies by experiments 
such as PLANCK [16] can, in principle, provide us with 
the form of the corrections to the scale-invariant primor- 
dial perturbation spectrum. Lastly and, more impor- 
tantly, the first results of the temperature-temperature 
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correlation spectrum of the WMAP data show that the 
power in the quadrupole and (to a lesser extent) the oc- 
topole moment of the CMB are lower than as expected 
in the best fitting cold dark matter models [15]. The 
deficit of power in the quadrapole moment of the CMB 
power spectrum can not be explained within the context 
of the standard inflationary models (unless these models 
are fine-tuned [17]) and suggests a possible signature of 
the Planck scale physics [18]. 

Several groups have pointed out to these possibilities 
and, broadly, there have been two approaches in the 
literature in order to study these effects. In the first 
approach, which is now commonly referred to as the 
minimal trans-Planckian approach, the specific nature of 
trans-Planckian physics is not assumed, but is rather de- 
scribed by the boundary conditions imposed on the mode 
at the cut-off scale [10, 11]. In the second approach, 
one incorporates quantum gravitational effects by intro- 
ducing the fundamental length scale into the standard 
field theory in a particular fashion and, it should be em- 
phasized here that, the resulting modified theory may 
not even preserve local Lorentz invariance. Indeed, most 
of the attempts in this direction have involved models 
which break local Lorentz invariance. Such models in- 
clude those which introduce non-linear dispersion rela- 
tions [3-7] as well as the approaches which utilize the gen- 
eralized uncertainty principle [8] and non-commutative 
geometry [9, 18]. (For a recent review on these various 
approaches, see Ref. [14].) 

However, theoretically, there exists no apriori reason 
to believe that Lorentz invariance may be broken at the 
scales of inflation. More importantly, recent observa- 
tions of photons inferred to arise from synchrotron emis- 
sion off electrons in the Crab nebula have placed bounds 
on dispersive corrections involving additional powers of 
the particle momentum to be at or above the Planck 
scale [19]. In such a situation, in order to study the 
trans-Planckian effects on the primordial perturbation 
spectrum, it becomes important that we also consider 
models which preserve Lorentz invariance even as they 
contain a fundamental scale. In this work, we consider 
one such model and evaluate the resulting spectrum of 
density perturbations during inflation in this model. 

The model we shall consider is as follows: We shall 
assume that, due to the Planck-scale effects, the stan- 
dard k— space propagator for a massless scalar field in 
the Minkowski vacuum is modified in a particular man- 
ner. We shall introduce the high-energy scale k c into the 
k— space propagator in a Lorentz invariant manner and, 
as we shall point out later, the modification we consider 
can be said to be minimal in nature. We find that the 
resulting modified Wightman function can be expressed 
as the difference of the Wightman functions of the mass- 
less field and a massive field of mass k c . We shall fur- 
ther assume that the form of the modified Wightman 
function in the x— space remains the same in an infla- 
tionary background as well, i.e. it is the difference of 
the massless and the massive Wightman functions. We 



then use this modified Wightman function to evaluate 
the corrections to the spectrum of density perturbations 
for the power-law inflationary scenario. We show that 
our model naturally predicts a suppression of power at 
the large scales. We find that the modified spectrum we 
obtain has some resemblance to the spectrum that has 
been obtained in the non-commutative inflationary sce- 
nario [18]. However, the amount of suppression predicted 
by our model turns out to be far less than that seems to 
be required to fit the WMAP data. 

The rest of the paper is organized as follows. In Sec- 
tion (II), we outline the model we shall consider, present 
the motivations behind the model and also point out its 
attractive features. In Section (III), we shall briefly re- 
view the spectrum of fluctuations in the standard power- 
law inflationary scenario. In Section (IV), we shall evalu- 
ate the corrections to the spectrum of fluctuations using 
our model for the power-law inflation. Finally, in Sec- 
tion (V), we shall summarize the results of our analysis 
and also discuss its implications. 

Before we proceed, a few comments on the notations 
we shall use are in order. The metric signature we shall 
adopt is (+, — , — , — ), we shall set h~ = c = 1 and we shall 
denote the set of four coordinates x M simply as x. Also, 
the quantum field we shall consider will be a minimally 
coupled scalar field. 

II. THE MODEL 

In the inflationary scenario, the primordial perturba- 
tion spectrum is given by the Fourier transform of the 
Wightman function of a quantized, massless scalar field 
in the inflating background [1, 2]. Therefore, in order 
to understand the effects of Planck-scale physics on the 
perturbation spectrum, we need to understand as to how 
quantum gravitational effects will modify the propagator 
of a scalar field in an inflationary background. However, 
due to the lack of a clear understanding of the Planck- 
scale effects, often, one is forced to consider models con- 
structed by hand — models which are supposed to be ef- 
fective theories obtained by integrating out the gravita- 
tional degrees of freedom. 

For reasons we had outlined in the introductory sec- 
tion, in this work, we would like to consider a model that 
is locally Lorentz invariant and also contains the high- 
energy scale. Recall that, in the Minkowski vacuum in 
flat space-time, the propagator for a massless scalar field 
in fc— space is given by 

G o + W=(p)> (1) 

where P = (k^k^). Planck-scale effects are expected to 
modify the propagator even in flat space-time (see, for 
e.g., Refs. [20] and references therein). If we require that 
the effective theory describing the modified propagator 
be Lorentz invariant, then, in flat space-time, the mod- 
ified propagator can only be a function of k. We shall 
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assume that the standard propagator (1) for the mass- 
less field is modified to 



GMk) = ( 



1 



k 2 [l-a 2 (k/k c 



(2) 



where a 2 is an arbitrary positive constant fixed by the 
complete theory and k c denotes the cut-off scale which 
we shall assume to be, say, three to five orders of mag- 
nitude above the Hubble scale during inflation. Such a 
modification can be considered to be minimal as it con- 
tains only terms of order k 4 and does not contain any 
higher order terms. (We introduce the fc 4 term rather 
than the immediately higher order fc 3 term, as it makes 
the calculation of the resulting perturbation spectrum 
far more tractable.) Note that the modified propagator 
G^(fc) can be expressed as 



<*£(*) = ( w 



1 



f 



k 2 -k 2 r 



(3) 



where we have absorbed a into k c . Then, in x~ space, the 
Wightman function corresponding to the above k— space 
propagator is given by 



G+ (x,x') = G+(x,x')-G+(x,x') 



(4) 



where Gq (x,x') and G^T (x,x r ) denote the the Wight- 
man functions of the massless field and a massive field of 
mass k c . In order to evaluate the resulting modification 
to the primordial perturbation spectrum, we shall assume 
that the above modified Wightman function retains the 
same form (i.e. it is the difference of the Wightman func- 
tions of massless and massive fields) in the inflationary 
background as well. 

Apart from the fact that we required a minimal (and 
tractable) Lorentz invariant model, the other motivation 
for the above model is as follows: The divergence struc- 
ture of quantum field theory is expected to vastly improve 
when the quantum gravitational effects have been taken 
into account. In particular, propagators are expected to 
be finite in the limit when the two space-time points co- 
incide [20]. Though, the modified Wightman function 
G^x, x 1 ) we have constructed will not actually be finite 
as x, — > x', it certainly turns out to be far less diver- 
gent than the original Wightman function. (In this sense, 
our approach can be said to be motivated by the Pauli- 
Villars regularization procedure.) For instance, in the 
Minkowski vacuum, while the original Wightman func- 
tion will diverge as 0~ 2 in the coincident limit, the mod- 
ified function (4) will diverge as InO (see, for instance, 
Ref. [21]). Moreover, we should add that a similar ap- 
proach has been considered earlier to study the effects of 
trans-Planckian physics on Hawking radiation from black 
holes [22]. 

At this stage of our discussion, it is important that we 
compare our model with the models that introduce non- 
linear dispersion relations to study the trans-Planckian 
effects on the primordial perturbation spectrum [3-7]. 



In these models, there has been the growing issue of the 
choice of the vacuum state and the back-reaction of the 
trans-Planckian modes on the inflationary background. 
It has been shown that the back-reaction effects during 
inflation become important for those dispersion relations 
which induce large corrections to the scale-invariant spec- 
trum [6]. This feature essentially arises due to the fact 
that adiabatic evolution can occur only if the disper- 
sion relations either grow or, at least, reach a plateau 
for large values of the wavenumber [4, 5]. In contrast, 
in our model, the modified propagator and the resulting 
modification to the perturbation spectrum involve modes 
of massless and massive fields which always evolve adia- 
batically. 

Before proceeding to the technical aspects, it is neces- 
sary that we clarify certain conceptual issues related to 
our model. In the conventional models of quantum field 
theory (and also in the other models that incorporate 
quantum gravitational corrections such as the dispersive 
field theory models), the Lagrangian is a function of the 
fields and their first derivatives in time. However, our 
model contains second order time derivatives in the La- 
grangian. It can be easily shown that, in flat space-time, 
the Feynman propagator corresponding to the modified 
Wightman function (4) satisfies the equation (see, for 
e.g., Ref. [21]; in this context, also see, Refs. [22, 23]) 
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G^(x,x') = -6^(x-x') (5) 
which in turn can be obtained from the following action 



I 



d 4 x 



1 

2k 2 



(6) 



where denotes a scalar field and k c the cut-off scale. 

Theories described by higher derivative Lagrangians 
are well-known to have unsatisfactory properties [23, 24] . 
They are known to contain additional degrees of free- 
dom, the energy is not bounded from below and, also, 
the solutions to the equations of motion are not uniquely 
determined by the initial values of the fields and their 
first time derivatives. Clearly, these features can be con- 
sidered to be unwelcome when we are dealing with La- 
grangians that are expected to parameterize small devi- 
ations from a well-understood theory. 

In such a situation, we shall adopt the following point- 
of-view concerning our model. As mentioned earlier, we 
consider our model to be an effective theory of the in- 
flaton field obtained by integrating out the Planck scale 
effects. Non-locality often arises in such effective theo- 
ries. Effective theories in which the non-locality can be 
regulated by a small parameter are known to have per- 
turbation expansions with higher derivatives [24]. We 
believe that our model is the leading term in the per- 
turbation expansion in the small parameter (l/fc c ) of a 
non-local effective theory. Moreover, we expect that, in 
the complete theory, we may not encounter the difficul- 
ties that we mentioned in the previous paragraph. 
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III. SPECTRUM OF PERTURBATIONS FROM 
INFLATION— THE STANDARD RESULT 

In this section, we shall briefly rederive the standard 
spectrum of perturbations in the power-law inflationary 
scenario. 

Consider a flat Friedmann universe described by the 
line-elements 



ds 2 



(dt 2 - a 2 (t) dx 2 ) = a 2 (r/) (drj 2 - rfx 2 ) 



(7) 



where t is the cosmic time, a(t) is the scale factor and 
rj = J[dt/a(t)] denotes the conformal time. Power-law 
inflation corresponds to the situation where the scale fac- 
tor a(t) is given by 



a{t) = {a tP), 



(8) 



where p > 1. In terms of the conformal time rj, this scale 
factor can be written as 



where (3 and H are given by 
'2p- 1 



p-i 



and H 



(9) 



(10) 



Note that (3 < — 2 and Ti denotes the characteristic en- 
ergy scale associated with inflation. Also, the case of 
exponential expansion corresponds to (3 = —2 with H 
actually being equal to the Hubble scale. 

Metric fluctuations (both scalar as well as the ten- 
sor perturbations) during the inflationary epoch can be 
modeled by a massless, minimally coupled scalar field, 
say, \l/ [1, 25]. The field 'f propagating in a background 
described by the line-elements (7) satisfies the following 
Klein-Gordon equation: 



/ d 2 f 
\ drf 



da\ ( (9*\ ., T 



The symmetry of the Friedmann metric allows us to de- 
compose the normal modes of the scalar field as 



V>k(£) = 



1 



(2tt) 3 / 2 J V a( V ) 



(12) 



where k is the comoving wave vector and the function \ik 
satisfies the differential equation 



k 2 - — 



Hk = 



(13) 



with the primes denoting differentiation with respect to 
77 and k = |k|. 

On quantization, the scalar field can be expressed in 
terms of the normal modes ipk(x) as follows: 

* (V, x) - J d 3 k [a k ip k (x) + 4 , (14) 



where the creation and the annihilation operators and 
obey the usual commutation relations. As the pertur- 
bations are assumed to be induced by the fluctuations in 
the free quantum field , the power spectrum as well as 
the statistical properties of the perturbations are entirely 
characterized by the Wightman functions of the quantum 
field. Therefore, the power spectrum of the perturbations 
per logarithmic interval, viz. [fc 3 "P*(fc)] , is given by [1, 2] 



00 

/ (?) [ fc3 ?M fc )H<oi*% 



x)|0> =G+ (x,x), 



(15) 

where |0) is the vacuum state (defined as Sk|0) = V k), 
Gq(x,x') denotes the Wightman function of the mass- 
less quantum field # and the spectrum is to be evalu- 
ated when the modes leave the Hubble radius. Using 
the decomposition (14), the perturbation spectrum per 
logarithmic interval can then be written in terms of the 
modes /ik as 



[fc 3 7>*(fc)] 



2tt 2 



a 



(16) 



and the expression on the right hand side is to be evalu- 
ated when the physical wavelength (fc/a) _1 of the mode 
corresponding to the wavenumber k equals the Hubble 
radius H~ x , where H — (a 1 /a 2 ). In the remainder of this 
section, we shall evaluate the spectrum of perturbations 
in power-law inflation 1 . 

For the case of power-law inflation, the exact solution 
to the differential equation (13) is well-known. Neverthe- 
less, due to its utility in the next section (where we need 
to evaluate the modes of a massive field in the WKB ap- 
proximation) , we shall rewrite the differential equation 
(13) in terms of a new set of independent and dependent 
variables (x,Uk) which are related to the old set (r],f/,k) 
by the relations [26, 27] 



In 



£+1 
kt] 



and 



(17) 



(18) 



In terms of the new variables, the differential equation 
(13) can be written as 



d 2 u k 
dx 2 



(/3 + l) 2 c 



-(2s) 



(19) 



1 In this work, we do not distinguish between the scalar and the 
tensor perturbations since, in power-law inflation, the power 
spectrum of these perturbations are related by a constant fac- 
tor [1, 3, 14]. 
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and the general solution to this differential equation is 
given by (see, for e.g., Ref. [28], p. 362) 



u k (x) = (A{k)H { ^ +h) [(/J+l)e 

i) 



+ B(k)H W {pH) [([3+l) C -*]). (20) 

The quantities and in the above solution are 
the Hankel functions of the first and the second kind 
(of order v) , respectively, and the fc-dependent constants 
A(k) and B(k) are to be fixed by choosing suitable initial 
conditions for the modes at the beginning of inflation. 

In the standard inflationary cosmology, the initial con- 
ditions are imposed on sub-Hubble scales, i.e. when the 
physical wavelengths (k/a)^ 1 of the modes are much 
smaller than the Hubble radius H -1 . In this limit, the 
modes do not feel the curvature of the space-time and, 
hence, in terms of rj, reduce to e ±lkr> . The assumption 
that the quantum field is in the vacuum state then re- 
quires that f^kiv) i s a positive frequency mode at sub- 
Hubble scales, i.e. it has the asymptotic form (see, for 
instance, Ref. [27]) 



lim 

(k/aH)- 



1 



ikr) 



(21) 



In terms of the variable x, sub-Hubble scales (i.e. 
(k/a) 3> H) correspond to the limit x — > — oo, super- 
Hubble scales (i.e. (k/a) <C H) correspond to x — > oo 
and Hubble exit of the modes occur at x = 0. Therefore, 
in terms of x and Uk, the condition (21) reduces to 



lim Uk(x) 



1 



e (*/2) exp-i[(/?+l)e- x ]. 



(22) 

This can be achieved by setting B(k) to zero and choosing 
A(k) to be 



A(k) 



^(/3+l) V /2 r ^/ 2 
4fc ' 



(23) 



in Eq. (20), so that we have 2 

'TT((3+1)\ 1/2 rr(2) 



u k (x) 



Ak 



e H* mH V) [03 + l)e-] 



(25) 

and it should be mentioned here that the vacuum state 
associated with this mode is often referred to in the lit- 
erature as the Bunch-Davies vacuum [29] . The spectrum 



2 Using the asymptotic behavior of the Hankel function, viz. 
(cf. Ref. [28], p. 364) 

2 X 1 / 2 



lim H<?\z) — , ( — 

\ TTZ 



-i[z-(ni>/2)-(n/4)] 



(24) 



it is straightforward to check that the function ttfc(x) in Eq. (25) 
has indeed the required limit (22). 



of perturbations can now be obtained by substituting the 
mode (25) in the expression (16) [with (77, /x^) related to 
(x,Uk) by Eqs. (17) and (18)] and finally setting x — 0. 
We obtain the power spectrum, at Hubble exit, to be [30] 



2(0+2) 



where C is given by 

C7=(£) (l+/3)- 203+1 ) 



(26) 



(27) 



Note that, in obtaining the above expression, we have 
evaluated the power spectrum when the modes leave 
the Hubble radius. In the literature (see, for instance, 
Ref. [30]), the spectrum of perturbations is evaluated at 
the super-Hubble scales. These two power spectra typ- 
ically differ in their amplitude by a numerical factor of 
order unity. 



IV. CORRECTIONS TO THE STANDARD 
PERTURBATION SPECTRUM 

As we had discussed in Section (II), in our model, 
the modified Wightman function of a massless field 
Gm(x,x') can be expressed as the difference of the 
Wightman functions of the massless field and a mas- 
sive field of mass k c , viz. Gq (x, x') and G^(x,x') 
[cf. Eq. (4)]. Therefore, following Eq. (15), we can define 
the resulting modified perturbation spectrum per loga- 
rithmic interval, viz. [k 3 7\(fc)] M , as follows: 

00 

J [fc 3 7Mfc)] M = G+(M) 



= G+(x,x)-G+ c (x,x). (28) 

The massive field can be decomposed and quantized in 
terms of the normal modes along the same lines as we 
had done in Eqs. (12) and (14) for the case of the mass- 
less field. If we now assume that the massive field is also 
in the Bunch-Davies vacuum, then the modified pertur- 
bation spectrum can be written as 



a 



iMfcl 
a 



(29) 



where, as before, /ifc denotes the modes of the massless 
field and fik denotes the modes of the scalar field with 
mass k c which satisfies the differential equation 



k 2 + (fc c af 



A*fc = 0. 



(30) 



Moreover, as in the standard case, the expression on the 
right hand side of Eq. (29) is to be evaluated at the time 
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when the modes of the massless and the massive fields 
leave the Hubble radius. On comparing the form of the 
original perturbation spectrum (16) with the modified 
spectrum (29), it is clear that the corrections to the stan- 
dard spectrum arise as a result of the contribution due 
to the massive modes. 

Before we proceed further with the evaluation of the 
corrections, we would like to stress the following point: 
In the standard inflationary scenario, it is well-known 
that the amplitude of the spectrum corresponding to the 
massive modes decays at the super-Hubble scales. (This 
can be easily shown for the case of exponential expan- 
sion, wherein the solutions to the massive modes are ex- 
actly known — in this context, see, for e.g., Ref. [31]). As 
we had pointed out in the previous paragraph, in our 
model, the trans-Planckian corrections to the standard 
adiabatic primordial spectrum arise due to the massive 
modes. Hence, within the standard inflationary picture, 
the amplitude of these corrections would be expected to 
decay at the super-Hubble scales. However, as the mas- 
sive modes we have considered are supposed to represent 
the trans-Planckian corrections to the standard, massless 
modes, we shall assume that the mechanism that 'freezes' 
the amplitude of the standard adiabatic spectrum at su- 
per Hubble scales will also 'freeze' the amplitude of the 
trans-Planckian corrections at their value at Hubble exit. 
Hence, in what follows, we shall evaluate the corrections 
to the standard power spectrum when the massive modes 
leave the Hubble radius. 

We can now introduce a new set of variables (x,Uk) 
which are related to the old set (77, /x^) exactly as in the 
massless case through the relations (17) and (18). In 
terms of the new variables, the differential equation (30) 
can be written as 



d 2 u k 
dx 2 



+ uj 2 (x) Uk(x) = 0, 



(31) 



Unlike the massless case, the exact solution to the differ- 
ential equation (31) for power-law inflation is not known. 
(The solution is known only for the special case of (3 = — 2 
which corresponds to exponential expansion.) Hence, we 
shall obtain the solution in the WKB approximation. As 
we shall show, for a massive field such that k c ^> H, the 
WKB approximation turns out to be valid for all x over a 
range of values of (3 and k of our interest. For our discus- 
sion below, we shall assume that 10~ 5 < (H/k c ) < 10~ 3 . 

To begin with, note that, for (3 < 2 and k c ^> H, u> 2 (x) 
remains positive for all values of x. Therefore, the WKB 
solutions to the differential equation (31) are given by 
(see, for e.g., Ref. [27]) 



«f KB M = (-7=) cx P ±* f X dx'u;(x'), (33) 

\y/w(x)J J 



where satisfies the differential equation 



rf 2 < KB 
dx 2 



u 2 (x) - Q(x) 



uf KB = 



(34) 



with the quantity Q(x) defined as 



Q(x) 



3 \ (<ko 
Auj 2 J \dx 



1 

2^ 



\dx 2 



(35) 



It is then clear from Eq. (34) that the WKB solution (33) 
will be a good approximation to mode function u(x), only 
if the following condition is satisfied [27]: 



where uj 2 (x) is given by 



uj 2 (x) 



(p + l) 2 e- 2x - [(3 + 



kc\ ( H(0 + 1) 
H k 



2(13+2) 



-2(0+2)x 



■ (32) 



Q 



< l. 



(36) 



For lo 2 given by Eq. (32), we find that the quantity 
(Q/uj 2 ) can be written as 



4w f 



(0 + I) 2 e- 2x + (J3 + 2) 



n 2 



H(/3+l) e" 



x \ 2(/3+2)' 



(/?+l) 2 c- 2 * + (/3 + 2) , , i z 



2 (g \ ( H({3 + l)e- 

n 2 \ k 



2(/3+2)l 



(37) 



Our task now is to examine whether this (Q/u 2 ) indeed satisfies the condition (36) in all the three regimes, viz. 
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on the sub-Hubble and the super-Hubble scales as well 
as at Hubble exit. Let us first consider the case of expo- 
nential expansion, i.e. when (3 = —2. In such a case, uu 2 
and (Q/oj 2 ) simplify to 



e~ 2x + (k c /Hy - (9/4) 



and 



Q 



Acu 6 



2x 



We find that this expression reduces to 



lim 

x^ — oo 



Q 



~ (e 2 74) -» 



on the sub-Hubble scales, to 



lim 

x— >oo 



Q 



{Hlk c f e 



-2x 



on the super-Hubble scales and to 



lim 

x^O 



Q 



(38) 



(39) 



(40) 



(41) 



(42) 



at Hubble exit. Since (H/k c ) < 1, clearly, (Q/uj 2 ) < 1 
at Hubble exit and, therefore, the WKB approximation 
for the massive modes is valid for all x and k. 

Let us now consider the case of power-law inflation, 
i.e. when (3 < —2. We find that, the expression (37) for 
(Q/uj 2 ) reduces to 







■ e 2x - 






U(/3 + l) 2 J 



lim 



on the sub-Hubble scales, to 



lim 

X— >oc 



Q 



Ak 2 



k 



H{(3 + 1) 







2(/3+2) 



(43) 



x (/3 + 2) 2 eW+V" -» (44) 



on the super-Hubble scales and to 



lim 

x^a 



Q 



Ak 2 . 



k 



H(J3 + 1) 



2(0+2) 



2f 
(45) 

at Hubble exit. Evidently, the WKB approximation is 
valid at the sub-Hubble and the super-Hubble scales. 
However, at Hubble exit, the validity of the approxima- 
tion depends on the values of (3 and k and, for a given 
value of /?, the approximation breaks down at a suffi- 
ciently small value of k. Fig. 1 contains contour plots 
for \{Q/lu 2 )\ = 1CT 2 at Hubble exit plotted as a function 
of (3 and k. It is clear from the figure that the WKB 
approximation will be valid for smaller and smaller val- 
ues of k, provided we choose correspondingly smaller and 
smaller values of — (/? + 2). In the limit of exponential 



+ 

s 
T 




log 10 (fc/W) 

FIG. 1: Contour plots for \(Q/uj 2 )\ = 1(T 2 at Hubble exit 
plotted as a function of /3 and k. The black contour corre- 
sponds to (Ti/k c ) — 10 and the grey one to (Ti./k c ) = 1CP 5 . 
Fhe WKB approximation is valid for values of (3 and k that 
lie below these contours. In plotting these contours we have 
assumed that H = 10 14 GeV = 10 52 Mpc" 1 . 



expansion, i.e. as j3 — > —2, the WKB approximation, as 
we had shown earlier, turns out to be valid for all k. 

A few clarifying remarks concerning the above WKB 
approximation for the massive modes are in order at this 
stage of our discussion. Even in the case of the standard 
massless and minimally coupled scalar field, it is well- 
known that, while the WKB approximation is valid at 
the sub-Hubble and at the super-Hubble scales, it breaks 
down at Hubble exit (for a detailed discussion on this 
point and the evaluation of the standard spectrum in the 
WKB approximation, see Ref. [27]). In fact, the WKB 
approximation will break down at Hubble exit even for a 
massive field if the mass of the field is smaller than (or 
of the order of) the Hubble scale Ti. This is evident from 
Eq. (42) for the case of exponential expansion. However, 
in our model, we have assumed that the mass (viz. k c ) 
of the field to be very large compared to H. It is due 
to this reason that we find the WKB approximation to 
be valid at Hubble exit for all values of k in the case of 
exponential inflation and up to a certain minimum value 
of fc, which depends on the values of (3 and (H/k c ), in 
the case of power law inflation. 

The general WKB solution to the equation (31) can be 
written as 



u k (x) 



A{k) 



vMz) 



cxp i 



j dx uj(x') 

, . , ± . —i / dx' u(x') 

^Juj{x) J 



+ (MA exp 



, (46) 



where A(k) and B(k) are fc-dependent constants that are 
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to be fixed by the initial conditions. As mentioned earlier, 
we shall assume that the massive field is in the Bunch- 
Davies vacuum on the sub-Hubble scales. (Note that, 
in obtaining the standard spectrum, the massless field is 
assumed to be in the Bunch-Davies vacuum. Any pos- 
sible excitations of the field by the evolving background 
are expected to be suppressed exponentially by the mass 
(see, for e.g., Ref. [32]). Therefore, it is natural to as- 
sume that the massive field — in particular, a field with a 
mass (viz. k c ) much greater than the Hubble scale — is in 
the Bunch-Davies vacuum as well.) Hence, the modes 
are required to have the limiting form (22) which leads to 
the conditions that B(k) = and A(k) = [((3 + l)/2fc] 1/2 . 
Therefore, the mode Uk{x) is given by 



u k {x) 



2koj{x) 



1/2 



exp i / dx uj(x') (47) 



and, using these modes, it is straightforward to evaluate 
the modified perturbation spectrum (29). We find that 
the resulting spectrum can be written as 



[*" * C — - 



H 



2tt 2 , 
1- C 



k \ 2(/3+2) 

n 

n 

k'r 



(/3+2)' 



where C is given by 



C 



2C 09+1) 



3(/3+l) 



(48) 



(49) 



The modified spectrum (48) has some similarities to 
the power spectrum that has been obtained recently from 
non-commutative inflation [18] and the spectrum exhibits 
a suppression of power at the large scales. In order to il- 
lustrate this feature, we have plotted the modified spec- 
trum (48) as well as the standard spectrum, normalized 
to Ti. 2 , in Fig. 2 below. (Note that, in plotting the mod- 
ified spectrum, we have chosen the values of (H/k c ) and 
[3 so that the WKB approximation is valid for the mas- 
sive modes over the range of k of interest.) It is evident 
from the figure that the modified spectrum exhibits a 
suppression of power around log 10 (fc/H) <~ —56 which 
corresponds to k ~ 1CP 4 Mpc -1 or I = 2, 4 — a feature 
that seems to be necessary to explain lower power in the 
quadrupolc (I = 2) and the octopole moments (I = 4) in 
the CMB (see, for e.g., Ref. [33]). Though the modified 
spectrum we have obtained (by using the standard infla- 
tionary parameters) shows a suppression of power around 
the expected values of k, the extent of the suppression 
proves to be far less than that is required by the WMAP 
data. In order to fit the WMAP data, one seems to re- 
quire a spectrum of the following form (see Ref. [17]; in 
this context, also see Ref. [34]): 



[fc 3 V*(k)] M = A s k( n °-V 



1 - exp - (fc/fc*)" 



(50) 



2500 



2000 



^ 1500 

Jr iooo 



500 



-60 -55 -50 

Iog 10 (fc/W) 



-45 



-40 



FIG. 2: Plots of the standard power spectrum [fc 3 "P*(fc)] 
(black curve) and the modified power spectrum [fc 3 "P*(fc)] M 
(grey curve), normalized to H 2 . The grey curve corresponds 
to {H/kc) = 1CT 3 and j3 = -2.04 — values that have been 
chosen so that the WKB approximation is valid around fc ~ 
10~ 4 Mpc -1 . In plotting these spectra we have assumed that 
H = 10 14 GeV = 10 52 Mpc- 1 . 



where A s and n s are the amplitude and index of the stan- 
dard spectrum, k* ~ 5 x 10 _4 Mpc _1 and 7 ~ 3.35. To 
illustrate the fact that our model predicts far less sup- 
pression than is required by the observations, it is useful 
to consider the following ratio of the modified spectrum 
and the standard spectrum: 



K(k) 



M 



[fc 3 P*(fc)] 



(51) 



In Fig. 3 below, we have plotted the ratio IZ(k) for the 
cases of the modified spectrum predicted by our model 
[viz. (48)] and the modified spectrum (50) that seems 
to be required to fit the observations. [Note that the 
ratio IZ(k) for these spectra is given by the expressions 
within the square brackets in Eqs. (48) and (50).] It 
is evident from the figure that, in power law inflation, 
the suppression of power predicted by our model for the 
scalar power spectrum is far less than that is required to 
fit the WMAP data. 

We would like to stress here the following points re- 
garding the modified spectrum we have obtained. Firstly, 
one would tend to assume that the high energy effects will 
leave their imprints only at the ultra-violet end of the pri- 
mordial perturbation spectrum. In contrast, we find that, 
what are supposedly trans-Planckian effects, result in a 
modification of the spectrum at the infra-red end. This 
essentially arises due to the fact that the longer wave- 
length modes leave the Hubble radius at earlier epochs 
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-60 -58 -56 -54 -52 -50 



log 1() (fc/H) 

FIG. 3: The ratio TZ(k) of the modified to the standard spec- 
trum plotted for the modified spectrum predicted by our 
model [viz. (48)] and the spectrum (50) that seems to be 
required to fit the WMAP data. The black curve corre- 
sponds to the modified spectrum (48) for (H/k c ) = fCF 3 
and /3 = —2.04 — values that have been chosen so that the 
WKB approximation holds good around k ~ 10~ 4 Mpc _1 . 
The grey curves corresponds to the spectrum (50) for fc» = 
5 x 10 _4 Mpc _1 and 7 = 3.35. Note that, in plotting these 
curves we have assumed that TL = I0 14 GeV = I0 52 Mpc -1 . 



thereby carrying the imprints of the high energy effects 3 . 
Secondly, assuming that the Planck scale effects can be 
expected to improve the divergence structure of quantum 
field theory, we had expressed the modified Wightman 
function (4) as the difference of the massless and the 
massive Wightman functions. Due to this reason and, 
also since the correction term to the power spectrum due 
to the massive modes is positive definite [cf. Eq. (29)], 
it is clear that the corrections will always suppress the 
power rather than enhance it. However, evidently, the ac- 
tual form and the extent of the suppression will depend 
on the correction term. Though, interestingly enough, we 
find that the massive modes indeed suppress the power at 
large scales as required by the observations, the amount 
of suppression proves to be far less than that is needed to 
fit the WMAP data. Fourthly, we should point out that 
our model does not contain any free parameters other 
than the ratio (H/k c ) and, hence, it can be said to pre- 
dict the loss of power at large scales naturally. Finally, as 
we had mentioned earlier, we have evaluated the trans- 
Planckian corrections to the standard, adiabatic spec- 
trum when the massive modes leave the Hubble radius. 
In the standard inflationary picture, the amplitude of the 
spectrum of the massive modes would decay — the correc- 



3 We thank Robert Brandenberger for drawing our attention to 
this point. 



tion term in the spectrum (48) would retain its spectral 
shape, but its amplitude would decay as e 3 ^ +1 ^ x — at the 
super Hubble scales (i.e. asu 00). Since, the massive 
modes in our model represent trans-Planckian corrections 
to the standard massless modes, we have assumed that 
the mechanism that 'freezes' the amplitude of the stan- 
dard spectrum at super Hubble scales will also 'freeze' 
the amplitude of the corrections at their value at Hubble 
exit. 



V. DISCUSSION 

In this work, we have studied the trans-Planckian ef- 
fects on the spectrum of the primordial density pertur- 
bations in the power-law inflationary scenario using an 
approach that preserves local Lorentz invariance. Moti- 
vated by the fact that quantum gravitational effects can 
be expected to improve the divergence structure of stan- 
dard quantum field theory, we assumed that the trans- 
Planckian physics modifies the standard massless propa- 
gator such that the modified propagator can be expressed 
as the difference of the original massless propagator and 
a massive propagator with a mass of the order of the 
Planck mass. 

In the standard inflationary scenario, the primordial 
perturbation spectrum is determined by the Fourier 
transform of the massless scalar field propagator. There- 
fore, modifying the scalar field propagator leads to mod- 
ifications in the perturbation spectrum. We find that, 
in our model, the resulting modified spectrum remains 
scale invariant at the ultra-violet end, but, interestingly, 
it exhibits a suppression of power at the infra-red end — 
a feature that seems to be necessary to explain the 
low quadrupole and octopole moments measured in the 
CMB [15, 17, 33, 34]. However, at Hubble exit, the 
amount of suppression predicted by our model in power- 
law inflation turns out to be far less than as expected 
from WMAP data. Nevertheless, the loss of power at 
small k suggests that the power spectrum we have ob- 
tained may fit the WMAP data better than the standard 
ACDM model. It will be interesting to analyze the impli- 
cations of the WMAP data for our model in the context 
of slow-roll inflation [35]. 

Naively, one would expect that very high energy effects 
will leave their imprints only at the ultra-violet end of the 
primordial spectrum. However, we find that the high en- 
ergy effects lead to a modification of the spectrum at the 
infra-red end. As we had pointed out in the last section, 
this can be attributed to the fact that the longer wave- 
length modes leave the Hubble radius at earlier epochs 
thereby carrying the signatures of the high energy effects. 

Finally, we would like to emphasize a very attractive 
feature of our approach which can result in corrections 
at the infra-red and the ultra-violet ends of the pertur- 
bation spectrum. Recall that in obtaining the modified 
spectrum (48) we had assumed that both the massless 
and the massive fields arc in the Bunch-Davies vacuum. 
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This need not be the case. While it is natural to assume 
that the massive held is in the Bunch-Davies vacuum (in 
particular, a very heavy held with a mass of the order of 
the Planck mass), one can assume the massless held to 
be in a state such as the minimal uncertainty state [10]. 
In such a case, the resulting modihed spectrum will have 
corrections at both the ends. While at the infra-red end, 
we will simply reproduce the corrections we have ob- 
tained, in the ultra-violet limit, the corrections will be 
of the form that has been recently obtained in the liter- 
ature [11]. 
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